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1 Introduction 

Although the final word has certainly not been written, several calculations 
have bem performed which relate the Bekenstein-Hawking -thermodynamic 
entropy El to the degeneracy of microscopic states. For Carlipa and Balachan- 
dran and his groupB, the microstates originate from treating the event horizon 
as the boundary of the spacetime. In particular, degrees of freedom which are 
pure gauge in the interior of spacetime become dynamical on the boundary. 

In this talk, we apply Carlip's program to an even lower dimensional black 
hole - namely that occurring as a solution of the 'constant curvature' (CGI 
theory of gravity in two-dimensional spacetime with a cosmological constantQ 
The field equations for this theory include R = 2k, for Ricci scalar R and cos- 
mological constant k ^ 0. We work with a closely related BF type topological 
gauge theoryO We will show that when the latter theory is constructed on a 
manifold with a boundary that corresponds to the bifurcation two-sphere of 
a black hole of fixed mass M, and provided the gauge group is analytically 
continued to SU{2) (or, equivalently, if we consider the Euclidean CC-model,) 
the surface term gives rise to a non-trivial mechanical system equivalent to two 
harmonic oscillators with fixed energy. This system can be quantized only if 
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the mass of the black hole is quantized. The resulting degeneracy of quantum 
states on the boundary is proportional to the square root of the black hole 
mass, and hence the entropy is given by log VM. 

2 The 2-D Gravity Model 

The CC theory is closely related to a gauge theory! 



where F{A) = dA+AAA is the curvature of A, a Lie-algebra valued connection 
on a principal bundle over Ai and (pis a. scalar field over Ai which also takes its 
values in the same Lie algebra. In order to describe the Euclidean CC theory 
with cosmological constant fc, the appropriate Lie algebra is so(2, 1) for nega- 
tive cosmological constant and su{2) for positive fc, while for the Minkowskian 
theory it is so(2, 1) irrespective of the sign of kU The gauge group thus coincides 
with the isometry group of the on-shell metric. The equivalence with the CC 
gravity model is achieved by the identification A = A^Ti = e"Ta -t- wTa, where 
a,b,.. = 1,2 and e", uj are Zweibein and spin connection, respectively. The 
surface term is required in Eq. , if the spacetime is a manifold- with-boundary 
such that the field <j> is fixed on the boundary. 

We will henceforth suppose that the spacetime metric given by the dyad 
e° has positive-definite signature and that k is positive. Thus the appropriate 
gauge group is SU{2). The black holes are to be identified with the manifold- 
with-boundary A4 with interior the spherical cap and with boundary dA4 the 
embedded circle. The metric is given locally by 



where M is an invariant dimensionless parameter defined by M — Trcj)^ = 
4'°'4'a + 0^0'^, which may be identified with the mass of the black hole. This 
is the dimensionally reduced Euclideanized BTZ black holeB The boundary in 
these coordinates is given hy x — > \fMl. 

It turns out that on-shell the fields may be identified with the Killing 
vector k of the black hole solution: 0° = e^/c''. Thus to impose boundary 
conditions corresponding to the bifurcation surface of the event horizon we 
will require 0" = and, as a consequence, (pz = \fM. 

It is important to note that the surface term in Eq. is not gauge invari- 
ant under SU{2) gauge transformations. The gauge transformations generate 
spacetime diffeomorphisms El, and since some diffeomorphisms shift the loca- 
tion of the boundary, one expects that some gauge degrees of freedom in the 




(1) 



ds^ = {M - x^/e^) d9^ + (M - x'^/f) ^ dx'^, 



(2) 



2 



interior of M arc dynamical degrees of freedom op, the boundaryo Hence, as 
in Carlip's discussion of the three-dimensional casecl, we parametrize the fields 
(j),A in terms of gauge-fixed fields (f>,A and an element g G SU{2): 

(j) = g-^^g ; A = g-^Ag + g'Hg. (3) 

This yields the boundary action 

S[g]^-Tr(f ^dgg'' (4) 

JdM 

describing gauge modes that have become physical due to the imposed black 
hole boundary conditions. In the next section we will quantize the theory with 
action Eq.(||). 



3 Quantum Mechanics on the Boundary of Spacetime 



As discussed above, we choose = </> to be: = vA/Ta, where T3 is the 
constant diagonal 2x2 su{2) matrix. This is a solution of the equations of 
motion on the boundary dAi, in the limit as xq — > \/Mi. 

The theory Eq.(^) is a classical mechanical one: it describes a particle 
moving on the homogenous space SU{2)/U{1) (equivalently, on the coadjoint 
orbit of su{2)) with periodic time t. This is a result of the fact that a 17 in 
the diagonal subgroup U{1) of SU{2) does not contribute to the action - such 
terms are total divergences. In the following we quantize this point particle 
system in an elementary way, without resort to more elaborate procedures such 
as, e.g., geometric quantization. We parametrize g by 
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with the p's and q's real. Then the action Eq.(P becomes simply — 
^dM '^^ (Pi^i + ^292)- However, since g G SU{2), there is a first-class constraint 



I Zl P + U2 M iPl? + {P2f + ^ ((91)' + (92)') 



1. 



(7) 



Implementation of this constraint on the quantum level (plus normalizabil- 
ity of the physical wave functions) maps the system to the quantum system 
of two identical harmonic oscillators with fundamental frequency uj oc 1/\/M 
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and total energy constrained to be 1. This obviously is consistent only if M 
is discrete (quantized). Counting of the degeneracy of the energy eigenvalue 
1 = ?iti;(n + 1/2), n e IN, is elementary now. It is easy to see that it yields 
the announced result of an entropy '-^ log VM. We observe in parenthesis that 
the period associated to the above oscillator frequency, 27r/u; = 2tt\/M, pro- 
duces the correct periodicity in Euclidean time for a black hole with Hawking 
temperature Th = '\/M/27l 

It is fairly well-known that the Bekenstein-Hawking entropy of the CC 
black holes goes as \/M. Hence there is an insufficient degeneracy of states 
on the boundary to account for the Bekenstein-Hawking entropy in the case of 
the 2d Euclidean CC black holes. 

Seemingly this changes into the opposite when looking at the Minkowskian 
CC theory: There the non-compactness of the gauge group gives rise to an 
infinite number of quantum states living at the boundary. In the framework 
of Poisson cr-models eI, furthermore, much of the above investigation may be 
generalized to generic 2d dilaton gravity theories. Remarkably, in many cases 
this yields infinitely many boundary states even for Euclidean signature black 
holes. Work on this is in progress and shall be reported on elsewhere. 
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